In this paper, we deal with the asymptotics and oscillation of the solutions of higher-order nonlinear dynamic equations with Laplacian and mixed nonlinearities of the form
Introduction
We are concerned with the asymptotic and oscillatory behavior of the higher-order nonlinear functional dynamic equation on an above-unbounded time scale T, assuming without loss of generality that t  ∈ T. For A ⊂ T and B ⊂ R, we denote by C rd (A, B) the space of right-dense continuous functions from A to B and by C -derivatives. We refer the readers to the books by Bohner and Peterson [, ] for an excellent introduction of calculus of time scales. Throughout this paper, we suppose that:
(i) n, N ∈ N, n ≥ , and φ β (u) := |u| β- u, β > ;
(ii) r i ∈ C rd ([t  , ∞) T , (, ∞)) for i = , , . . . , n - are such that , i = , , . . . , n, with r n = , α n = , and
A solution x(t) of equation (.) is said to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it is nonoscillatory. Oscillation criteria for higher-order dynamic equations on time scales have been studied by many authors. For instance, Grace et al. [] obtained sufficient conditions for oscillation for the higher-order nonlinear dynamic equation
where γ is the quotient of positive odd integers, and where g(t) ≤ t. In [], some comparison criteria have been studied when g(t) ≤ t, and some oscillation criteria are given when n is even and g(t) = t. The results in [] have been proved when
established Kamanev-type oscillation criteria for the higher-order nonlinear dynamic equation
where α is the quotient of positive odd integers, g : T → T with g(t) > t and lim t→∞ g(t) = ∞, and there exists a positive rd-continuous function p(t) such that
[] proved some criteria for oscillation and asymptotic behavior of the dynamic equation
where α ≥  is the quotient of positive odd integers, g : T → T is an increasing differentiable function with g(t) ≤ t, g • σ = σ • g, and lim t→∞ g(t) = ∞, and there exists a positive rd-continuous function p(t) such that f (t,u) u β ≥ p(t) for u =  and β ≥  is the quotient of positive odd integers. Sun et al. [] studied quasilinear dynamic equations of the form
where α, β are the quotients of positive odd integers. Also, the results obtained in [-] are presented when
Hassan and Kong [] obtained asymptotics and oscillation criteria for the nth-order halflinear dynamic equation
where α[, n -] := α  · · · α n- , and Grace and Hassan [] further studied the asymptotics and oscillation for the higher-order nonlinear dynamic equation
However, the establishment of the results in [] requires the restriction on the time scale 
when n is even or odd and when α > γ , α = γ , and α < γ with α = α  · · · α n- . Chen and Qu [] considered the even-order advanced type dynamic equation with mixed nonlinearities
[] studied the dynamic equation (.), where n ≥  is integer and g ν (t) > , and obtained some of the results in [] when γ  ≥ . Also, the results obtained in [, ] are given when
Huang [] extended the work in [] to the neutral advanced dynamic equation In this paper, we will discuss the higher-order nonlinear dynamic equation (.) with mixed nonlinearities on a general time scale without any restrictions on g(t) and σ (t) and also without conditions (.), (.), and (.). The results in this paper improve the results in [, , -] on the oscillation of various dynamic equations.
Main results
We introduce the following notations:
and
For any t, s ∈ T and for a fixed m ∈ {, , . . . , n -}, define the functions R m,j (t, s), j = , , . . . , m, andp j (t), j = , , . . . , n -, by the following recurrence formulas:
For a fixed m ∈ {, . . . , n -}, define the functionsp m,j (t, s), j = , , , . . . , n -, by the recurrence formulā
provided that the improper integrals involved are convergent.
In the sequel, we present conditions that guarantee the following conclusions:
(ii) every solution of equation (.) either is oscillatory or tends to zero eventually if n is odd.
one of the following conditions is satisfied:
(a) either
and H i has a nonpositive continuous -partial derivative H τ i (t, τ ) with respect to the second variable and satisfies 
(  .   )
Moreover, for the case where n is odd, assume that, for an integer j ∈ {, , . . . , n -},
Then conclusions (C) hold.
Example . Consider the higher-order nonlinear dynamic equation (.), where
and where
with ζ > .
Choose an n-tuple (η  , η  , . . . , η n ) with  < η j <  satisfying (.). It is clear that conditions (.) hold since
, Example .. By the Pötzsche chain rule we get
Also, since (.) implies lim t→∞
= , we obtain
It is easy to see that
Therefore, we can find T * ≥ T ≥ T  such that R i,i- (t, T  ) ≥  for t ≥ T * . Let us take ρ i (t) = t β i . Then, by the Pötzsche chain rule,
Hence,
, and hence (.) holds. Also,
so that condition (.) holds. Then, by Theorem .(c) conclusions (C) hold if
Lemmas
In order to prove the main results, we need the following lemmas. The first two lemmas are extensions of Lemmas  and  in [] to the nonlinear equation (.) with exactly the same proof.
Lemma . Let x(t) ∈ C n rd (T, [, ∞)). Assume that (x [n-] ) (t) is of eventually one sign and not identically zero. Then there exists an integer m ∈ {, , . . . , n -} with m + n odd for (x [n-] ) (t) ≤  or with m + n even for
eventually.
Lemma . Assume that equation (.) has an eventually positive solution x(t) and m ∈ {, , . . . , n -} is given in Lemma . such that (.) and (.) hold for t ∈ [t  , ∞) T for some
Then the following hold for t ∈ (t  , ∞) T : (a) for i = , , . . . , m,
is strictly decreasing; (.) (b) for i ∈ {, , . . . , m} and j = , , . . . , m -i, 
Lemma . Assume that equation (.) has an eventually positive solution x(t) and m is given in Lemma
Proof We show it by a backward induction. By Lemma . with m ≥  we see that x(t) is strictly increasing on [t  , ∞) T . As a result, (.) and (.) hold for t
by the fact that x(t) is strictly increasing. Now consider the case where g ν (t) ≤ σ (t). In view of Lemma .(a), we see that for i = m,
is decreasing on (t  , ∞) T and that there exists
In both cases, we have
Using the arithmetic-geometric mean inequality (see [] , p.), we have
In view of (.), we have
This, together with (.), shows that,
Replacing t by τ in (.), integrating from t ∈ [t  , ∞) T to v ∈ [t, ∞) T , and using (.), we have
Hence, by taking limits as v → ∞ we obtain that
This shows that
Replacing t by τ and then integrating it from t ∈ [t  , ∞) T to v ∈ [t, ∞) T , we have
Taking limits as v → ∞, we obtain that
This shows that ∞ tp m,n-j (τ , t  ) τ < ∞ and (.) holds for j -. Therefore, the conclusion holds.
The 
Proofs of main results

Proof of Theorem . Assume that equation (.) has a nonoscillatory solution x(t).
Then, without loss of generality, assume that x(t) >  and x(g ν (t)) >  for t ∈ [t  , ∞) T . It follows from Lemma . that there exists an integer m ∈ {, , . . . , n -} with m + n odd such that (.) and (.) hold for t
(i) Assume that m ≥ . Part I: Assume that (a) holds. By Lemma . we have that, for j = m,
By Lemma .(b) with i =  and j =  we get
Substituting (.) into (.), we obtain that
Part II: Assume that (b) holds. Define
By the product rule and the quotient rule we have
which, together with (.), implies that,
When  < β m ≤ , since x(t) is strictly increasing, by Pötzsche chain rule ([], Thm. .) we obtain
When β m ≥ , since x(t) is strictly increasing, again by Pötzsche chain rule we obtain
Therefore,
By using Lemma . (b) with i =  and j =  we see that
which implies
for t ∈ [t  , ∞) T .
Integrating both sides from t  to t we get 
